We employ a quasirandom methodology, recently developed by Martin Roberts, to estimate the separability probabilities, with respect to the Bures (minimal monotone/statistical distinguishability) measure, of generic two-qubit and two-rebit states. This procedure, based on generalized properties of the golden ratio, yielded, in the course of almost seventeen billion iterations (recorded at intervals of five million), two-qubit estimates repeatedly close to nine decimal places to ) are advanced for the HS and Bures qubit-qudit (2 × 4) PPT-probabilities. We find certain generalized qubit-qutrit scenarios in which the master Lovas-Andai formulas play the same separability function roles as in their original generalized two-qubit settings-obtaining in two distinct 10-dimensional rebit-retrit cases, the same probability of 256−168ζ(3) π 2 − 38 + 48 log(2) ≈ 0.747925.
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I. INTRODUCTION
It has now been formally proven by Lovas and Andai [1, Thm. 2] that the separability probability with respect to Hilbert-Schmidt (flat/Euclidean/Frobenius) measure [2] [3, sec.
13.3] of the 9-dimensional convex set of two-rebit states [4] is 29 
64
= 29 2 6 . Additionally, the multifaceted evidence [5] [6] [7] [8] [9] [10] [11] [12] -including a recent "master" extension [5, 13] of the Lovas-Andai framework to generalized two-qubit states-is strongly compelling that the corresponding value for the 15-dimensional convex set of two-qubit states is [cf. [14] ], among other still higher-dimensional companion random-matrix related results). A still further extension to the use of induced measures-reducing to the Hilbert-Schmidt case for the case k = 0-has been found [13, for k = 1. (Certainly, one can, however, still aspire to a yet greater "intuitive" understanding of these assertions, particularly in some "geometric/visual" sense [cf. [15] [16] [17] [18] [19] [20] ], as well as further formalized proofs.)
Additionally, appealing hypotheses parallel to these rational-valued results have been advanced-based on extensive sampling-that the Hilbert-Schmidt separability probabilities for the 35-dimensional qubit-qutrit and 20-dimensional rebit-retrit states are 3 8 , respectively [13, eqs. (15) , (20) ] [7, eq. (33) ]. (These will be further examined in sec. III below.)
It is of interest to compare/contrast these finite-dimensional studies with those other quantum-information-theoretic ones, presented in the recent comprehensive volume of Aubrun and Szarek [21] , employing the quite different concepts of asymptotic geometric analysis.
By a separability probability, we mean the ratio of the volume of the separable states to the volume of all (separable and entangled) states, as proposed, apparently first, bẏ Zyczkowski, Horodecki, Sanpera and Lewenstein [22] (cf. [23] [24] [25] [26] ). The present author was, then, led-pursuing an interest in "Bayesian quantum mechanics" [27, 28] and the concept of a "quantum Jeffreys prior" [29] -to investigate how such separability probabilities might depend upon the choice of various possible measures on the quantum states [23] .
Of particular initial interest was the the Bures/statistical distinguishability (minimal monotone) measure [30] [31] [32] [33] [34] . ("The Bures metric plays a distinguished role since it is the only metric which is also monotone, Fisher-adjusted, Fubini-Study-adjusted, and Riemannian" [33] . Bej and Deb have recently "shown that if a qubit gets entangled with another ancillary qubit then negativity, up to a constant factor, is equal to square root of a specific Riemannian metric defined on the metric space corresponding to the state space of the qubit" [35] .)
In [5, .) (Let us note that the complementary "entanglement probability" is simply 256 27π 2 ≈ 0.960675. There appears to be no intrinsic reason to prefer/privilege one of these two forms (separability, entanglement) of probability to the other [cf. [36] ]. We observe that the variable denoted Interestingly, Lovas and Andai "argue that from the separability probability point of view, the main difference between the Hilbert-Schmidt measure and the volume form generated by the operator monotone function x → √ x is a special distribution on the unit ball in operator norm of 2 × 2 matrices, more precisely in the Hilbert-Schmidt case one faces a uniform distribution on the whole unit ball and for monotone volume forms one obtains uniform distribution on the surface of the unit ball" [1, p. 2].
Of central importance to us here will be the construction of Osipov, Sommers anḋ
Zyzckowski of an interpolation between the generation of random density matrices with respect to Hilbert-Schmidt and those with respect to Bures measures [38, eq. (24) ] (cf. [39, eq. (33)]). This formula takes the form
where y = 1 − x, with x = 0 yielding a Hilbert-Schmidt density matrix ρ 0 , and x = It is an intriguing hypothesis that the Bures two-qubit separability probability also assumes a strikingly elegant form (such as 8 33 , 
. . 9 was given in [43, p. 26] . It yields that part of the total separability probability, P (k, α), for generalized (real Further, in the specific Hilbert-Schmidt case (k = 0), we can apparently employ [43, p. 26]
That is, for k = 0, we obtain the previously reported Hilbert-Schmidt formulas, with (the
, (the standard complex case) Q(0, 2) = 4 33 , and (the quaternionic case) Q(0, 4) = 
II. APPLICATION OF QUASIRANDOM METHODOLOGY
We examine the question of whether Bures two-qubit and two-rebit separability probability estimation can be accelerated-with superior convergence properties-by, rather than using, as typically done, independently-generated normal variates for the Ginibre ensembles at each iteration, making use of normal variates jointly generated by employing low-discrepancy (quasiMonte Carlo) sequences [44] . In particular, we have employed an "open-ended" sequence (based on extensions of the golden ratio [45] ) recently introduced by Martin Roberts in the detailed "blog post", "The Unreasonable Effectiveness of Quasirandom Sequences" [46] .
Roberts notes: "The solution to the d-dimensional problem, depends on a special constant φ d , where φ d is the value of the smallest, positive real-value of x such that"
(d = 1, yielding the golden ratio, and d = 2, the "plastic constant" [47] ). The n-th terms in the quasirandom (Korobov) sequence take the form
where we have the d-dimensional vector,
The additive constant α 0 is typically taken to be 0. "However, there are some arguments, relating to symmetry, that suggest that
is a better choice," Roberts observes.
These points (5) with earlier studies (largely involving Euler-angle parameterizations of 4 × 4 density matrices [50] ), in which 9-and 15-dimensional integration problems were addressed [41, 51] (cf. [52] ).
In the higher-dimensional frameworks used here, the integrands are effectively unity, with each randomly generated matrix being effectively assigned equal weight, while not so in the other cases. In [53] , we asked the question "Can 'experimental data from a quantum computer' be used to test separability probability conjectures?", following the analyses of Smart, Schuster and Mazziotti in their article [54] , "Experimental data from a quantum computer verifies the generalized Pauli exclusion principle", in which "quantum many-fermion states are randomly prepared on the quantum computer and tested for constraint violations".
Using the indicated, possibly superior parameter value α 0 = to nearly eight decimal places. The estimate of 0.0733137847 obtained at the considerably smaller number of iterations of 1,445,000,000, was essentially as close too. The Hilbert-Schmidt measure counterpart is (still subject to formal proof) essentially known to be
In the two-rebit instance, we obtained a Bures estimate, based on 23,460,000,000 iterations, of 0.157096234. (This is presumably, at least as accurate as the considerably, just noted, smaller sample based two-qubit estimate-apparently corresponding to 25 341 . Nevertheless, we do not presently perceive any possible exact-rational or otherwise-fits to this estimate.) The Hilbert-Schmidt two-rebit separability probability has been proven by Lovas and Andai to . This ratio is equal to 1 to nearly eight decimal places at: 1,445,000,000; 10,850,000,000; 11,500,000,000; and 16,075,000,000 iterations.
Estimates are recorded at intervals of five million iterations. qubit-qutrit and rebit-retrit settings. One aspect of interest pertaining to the original 4 × 4 density matrix study of Lovas and Andai [1] , was that it (surprisingly) appeared possible in [5] to extend the original Lovas-Andai framework by restricting our analyses to 4 × 4 density matrices in which the two 2 × 2 diagonal blocks were themselves diagonal.
IV. AN 8-DIMENSIONAL (X-STATES) REBIT-RETRIT SCENARIO
Along such lines, let us consider an 8-dimensional (X-states) rebit-retrit scenario, in which the only non-zero entries are those on the diagonal and anti-diagonal-so that the two 3 × 3 diagonal blocks are themselves diagonal. Also, let us employ the "separability function" framework developed in [55, eq. (5) Then, with the use of the Mathematica command GenericCylindricalDecomposition, we are able to establish that the associated rebit-retrit Hilbert-Schmidt separability probability is 16 3π 2 ≈ 0.54038 [36] . (This value also holds for the two-rebit and two-retrit X-states, while 2 5 is the two-qubit X-states probability [13, sec. VIII].) The value 
where √ η plays the role of separability function, and is the added factor in the first of the two integrands immediately above.
V. APPLICATION IN HIGHER DIMENSIONS OF MASTER LOVAS-ANDAI GENERALIZED TWO-QUBIT FORMULAS
We investigated extending this 8-dimensional rebit-retrit analysis to a 10-dimensional one, by replacing two previously zero entries, so that the two off-diagonal 3 × 3 blocks now themselves form X-patterns. The counterpart of the denominator function (7) is, then,
We, then, need to find the appropriate separability function-corresponding to √ η in (6)-to insert into this integrand-for the numerator-to complete the calculation of the separability probability ratio. In this regard, we were able to preliminarily utilize a sub-optimal separability function (based on the enforecment of the positivity of a 5 × 5 submatrix of the partial transpose-but not yet the determinant)
which yields an upper bound on the separability probability of 919 5 − 264 log(2) ≈ 0.809144.
Then, we were able to construct the actual separability function [56, 57] ,
where the dilogarithm is indicated, and 2 = η. The corresponding separability probability was, then, shown to be [57] 256 − 168ζ(3) π 2 − 38 + 48 log(2) ≈ 0.747925.
(We have also found very strongly convincing numerical evidence that the same separability probability holds, if instead of considering ten-dimensional rebit-retrit scenarios in which the two off-diagonal 3 × 3 blocks have X-patterns, one considers that the two diagonal 3 × 3 blocks do.)
Further, it is remarkable that the 10-dimensional rebit-retrit separability function (10) turned out to be completely identical with the (polylogarithmic) Lovas-Andai two-rebit
Then, in light of this finding, it is certainly reasonable to entertain an hypothesis that the Lovas-Andai two-qubit functionχ 2 (ε) = Pursuing such an hypothesis, and employing polar and "hyper-polar" coordinates in the very same manner as was done in [5] , we can readily perform computations leading to a presumptive qubit-qutrit separability probability of 5 3 (112π 2 − 1105) = 
VI. BURES QUBIT-QUTRIT ANALYSIS
In Table 1 ≈ 0.00139860. It would now seem of interest to examine a second 10D rebit-retrit scenario, in which rather than the two off-diagonal 3 × 3 blocks having X-state form, the two diagonal blocks would. 
A. Higher-Dimensional Bures Analyses
To estimate the Bures qubit-qudit bipartite (2 × 4) PPT-probability, we employed a 256-dimensional quasirandom sequence, obtaining 4,760 PPT density matrices in 830 million realizations, yielding an estimated probability of 5.7349398·10 (Fig. 6 ). For the Bures two-qutrit scenario, employing a 324-dimensional sequence, only 43 PPT density matrices were generated in 678 million realizations, yielding an estimate of 6.3421829 · 10 −8
( Fig. 7) . (It would be of interest to relate this last very small PPT-probability estimation to the asymptotic analyses of Aubrun and Szarek [21] , as well as Ye [61].)
VII. HIGHER-DIMENSIONAL HILBERT-SCHMIDT ANALYSES
Further, in [13, sec. 3,5] , we had suggested Hilbert-Schmidt PPT-probability hypotheses for the 2 × 4 and 2 × 5 qubit-qudit systems of (Figs. 8 and 9 ).
VIII. CONCLUDING REMARKS
We should stress that the problem of formally deriving the Bures two-rebit and two-qubit separability probabilities, and, thus, testing the candidate value ( Estimates are recorded at intervals of one million iterations. (ε being a singular-value ratio, and d-not the quasirandom dimension parameter-the randommatrix Dyson index) has been recently extended to apply to the still more general class of "induced measures", giving expressions for χ d,k (ε) [13] . (Also, we have sought to develop an alternative framework to that of Lovas and Andai, in the context of "Slater separability 
It may be of interest to the reader to here include a response of Martin Roberts to a query as to whether to calculate a 64D integral, it is optimal or not to use a 64D low-discrepancy sequence, as employed above. Roberts interestingly replied: "It depends. In theory, the convergence rate of simple random sampling is O(1/n), whereas for low discrepancy sequences it is O( Now, quite strikingly, we obtained [5] , using this function, for the two-qubit (d = 2)
analysis, the ratio of
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